Fourier Transforms

So far we have only foundFourier seies
expansions for periodic functions. Suppcewe
have afunctionthat isnot periodic andwish to
decomposeit into a superposition d sine waves
How dowedoit?

We will try to gain some insight into this
problem by considering an example.

Let’sreconsider a sjuare wave that haspositive
and regative regions of diff erent widths.
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We will fi ndthe Fourier expansion for this
functionandthen allow L to become large
while w is held constant. In the limit that

L - oo, f(X)will consist of a sngle “top hat”,
andwill nolonger be aperiodic function.



The Fourier expansi onintheinterval (-L,L)is

0o N7IX . NTIX[
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From the graph we seethat f(X) isan even
function. So there can be no sine waves in the
expansion, and,

b,=0.

Next we calculate

L
a, :% f 1‘(x)cosn%lX dx for n=0,1,2...,
-L

which gives
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Let’s onsider the casdhat L = 2w then
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Let’ sintroduce anew variable
_nmr_nm

L 2w

Then we have
f(x)= ozo a, cosk, X.
n=1

Now lets plot a, as afunction d k.
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Plotting these coefficients against k = T_ 4$
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And now If we set L = 8w then
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Ploting the Fourier coefficients against
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If wewereto continuetoincreasetheratio of L to
w then we would find that:

 The aossng pant of the “envelope” curve does
not move onthe K axis
« Themagnitude of a,, deaeases

 Thedensity of points onthe k axis continuesto
Increase and tends towards a cntinuum of values

Aswelet L tendto co we ae making aFourier
expansion d asingle “top hat” which will bevalid
for all values of X.

We can replacethe summation byan integral

045 ancosnnx L% +}OA(k)coskxdk.
2 n=1 L 2 0
where
La(n)
T
:%jf(x)coskxdx

A(K) =

and % = -1 isthe mean value of the function.

We have made aFourier integral expansion of the
function f (x) andthe function A(k) isitsFourier
Transform.



Fourier’s Integral Theorem

In our example there were no sine terms because our
original function was an even function. For amore
general function let’stry an expansion

F(x) = Z{ A(K) coskx + B(K)sin ko dk

We can do thisif

1. f(x) satisfiesthe Dirichlet conditions for al
values of Xx.

2. }o| f(X)| dx convergesto afinite value. This

Implies that the average value of the function
must be zero!

Asfor Fourier series, a apoint of discontinuity the
value of the Fourier expansion isthe average of the
values on either side of the discontinuity.

Can we find expressions for the Fourier
coefficients A(k) and B(k)?

We use asimilar approach as for Fourier series:
multiply both sides by cosk’x and integrate
w.r.t. X between oo,
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[ f(x)cosk'x dx

+00 00

= 1 {A(k)coskx + B(k)sinkx} dk cosk'x dx
—0 0



A(K) = 711 ojof(x) coskx dx
and we made use of the result
jeos((k —k')x)dx =2md(k — k')
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If instead we were to multiply both sides by
sink'x and integrate then we could obtain

B(k):%Toff(x)sinb(dx

In summary, the Fourier integral expansion of
the function f(x) isgiven by

f(x) = Z{ A(K) coskx + B(K)sin kd dk

where
A(K) :711 [ f(x)coskx dx
B(k) = 717 1 F(x)sinkx dx

These latter expressions are in fact Fourier
transforms of the function f(x).

Thisform for the Fourier integral expansion
Ilustrates the ssmilarity to the Fourier series
expansion. Notice how the Dirac delta function
appeared in analogy to the Kronecker delta.

However thisis not the form that is most
commonly used. Rather we need to rewriteit in
terms of exponentia functions.
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Exponential form of Fourier’'s Integral
Theorem

In the equations that we have just derived we
may replace the sine and cosine functions with
exponentials using the Euler formulae.
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We then obtain
f(x)= [F(k)e ™ dk
where
1 ® -
F(k) = — [ f(x)e" dx
(=5 1109

Actually we are free to share the factor of 1

2711
between f(x) and F(k) aswelike. A
symmetric choice is probably the most common
and from now on we will us the following
definitions:

F(k) as The Fourier Transformof f(x) where

f(x)—ﬁ TE(K)e ™ dk

and f(x) istheinverse Fourier Transform of
F(k), where

F(K) = ; f (x)e'*™ dx

1
272,
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Example
Find the Fourier transform of

N1l
—, X—-W<X< X+Ww
f(x) = Cow

10, X<X—W,X>X+W-
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Example

Find the Fourier transform of

f(x):%_xz’ X=1
00, [X>1
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The Dirac Delta Function

We foundthat the Fourier transform of a‘top
hat’ with area @ual to unty Is

1
\/_nsmc(kw)

If we gjueezethe ‘top het’, thenasw - 0, f(X)
tends to the Diracdelta function o(x — X).

If weletw - 0inthe expressonfor F(K) , we
must obtain the Fourier Transform of o(x — X).

So,asw - 0, singkw) - 1, for al valuesof k,
and so

F(k) =

_1 kx
F(k)—>\/_ne
In summary
1 ikx 1 KX
F(k)—ﬁjé(x X)e dx—me

The Fourier transform of the Diracdelta
functionis an exporential.

Consider next the inversetransform

f(x)—ﬁ jF(k)e 1 gk
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which gives the useful result
3(x—X) =~ [k
271,

We can show also that the Dirac deltafunction isthe
Fourier transform of an exponential function.

If f(x)-ie'KX then

N2TT
s
F(K) = KX A1kX
W=r5m] Gnt € &
217-[ J'el(k+K)X dx
= 5(K +K)

This should not surprise us: the exponential function
represents a single plane wave.

The delta function allows us to pick out this single
plane wave in the Fourier expansion as follows:

f(X)=— ﬁ jF(k)e"'kXdk
- \/1_+f°5(|<+k)e kg
:iele
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Example
Consider the Gaussian function

f(x)= expE—Z—iE,

that has a half width at half maximum of
Ax =a~In2.

The Fourier transform is given by
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21,2
T e &K
F(k) = 2aexpD .

Ak:gdmZ.

a

for which

Hence we find that
AX Ak =2In2,

which is independent of the constant a that
determines the width of both f (x) and F(k).

It isagenera feature of Fourier transforms that
if we make the function f(x) wider, then F(k)
becomes narrower.

The Heisenberg Uncertainty Principle provides
a physical example of this phenomenon.

In fact the Gaussian is rather special: it isthe
function that minimises the product AxAK.
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The Convolution Integral

The convolution of two functions f(x) and
g(x) isdefined as
1

== 1 f(Ug(x-u)du

Example: Consider the functions
X <1
F(X) =
X >1
—x O0<x<l1

and (x)—
10, x<0,x>1
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The convolution is given by

0, X>2
1
[l = (x=2)%, 1<x<?2
5212fn( )
f — : O<x<l1
-9 DZ\/ZIT

1
(1—x2) ~1<x<0
%\/ﬁ x<-1

Does flig=glf?
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The Convolution Theorem

The Fourier transform of the convolution of
f(x) and g(x) is equal to the product of the
Fourier transform of f(X) and the Fourier
transform of g(x).

FLi0gr = F{f}71g}
where #{ f} denotes the Fourier transform of

f(x).
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