Example: evaluate the integral
ab
| =] jxeﬁydydx
00

Answer: first perform the integral w.r.t. y
while holding x constant
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Example: A disc of radius a centred at

the origin has mass per unit area

m=cya? - X% - y°.

Find the total mass of the disc.

Answer: The massisgiven by
M = [fmdA
but the density can be written in the form
m=cya’ - p°

and the limits may be more easily written
In polar coordinates. We therefore choose

to evaluate the mass in polar coordinates
21T a

= [ foya? - p? (pdpdg)

@=0p=0
which we may rewrite in the form
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Example: Calculate the aeaof the astroid
which is defined by

X = aco§t, y= asin’t where 0<t < 27.

Answer: Wewill use atrick. Grean's
Theorem lets us write the aea as

A= [dxdy = 3f(xdy - ydx).

Thelineintegral isthen evaluated by
parameterisaion
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= 3% I(cos“tsinz t+sin*tcos t)dt
0

221 a2 27
A:3i [ cosztsinztdt:B— [ sin 2t dt
2 0 8 0

22m 2 m 2
A=3i j(l—CO%t)dtZBig—}SinMﬁ :Bin
16 160 47 3 8



Example: we will recalculate the integral
from the previous problem (see page 29 of
L ecture Notes) using spherical polar
coordinates.
| :Ll’xzds :IJ(acosgosinH)zazsianBd(p
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=a* [cos’ (pd(pjsin39d9
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Example: Evaluate | = yx*ds where s is
S
now the cylindrical surface defined by

p=a, —b<z< +hb.

27T +b
| = 1x°dS= (acosg)*adgdz=a | cos ¢ [dz
S S 0 b
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Example: calculate the integral
| = [[ xydA where theregion [ isthe
[

guarter circle in the first quadrant with
radius a.

Answer: the integrand and the limits of the
Integral are easily written in polar
coordinates and an expression for da was
obtained previously, therefore

1m/2a

= J(pcoscp)(psnfp)pdpdcp

/2 a
| = ! %anqo@jqo!dep

The result 1sthe same as that obtained in
the exercise earlier in the lecture using
Cartesian coordinates. Notice how the
limits are simpler in polar coordinates.



Example: Evaluate the integral
1(a) = +jooexp(—axz)dx

We can use atrick by writing

2 _H* Fe (0
[1(@)] = @[{o exp( axz)de:Ljoo exp( ayz)dyE

+00 +00

[I(a)]2 = exp(—a(x2 +y2))dxdy.

—00 —00

changing to polar coordinates
27700

[1@F = I exp(~ap? Jodpdy
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